Introduction: Heine's method {#Sec1}
============================

Heine's method, so named by Andrews and Berndt \[[@CR4]\], was what Heine used to obtain his celebrated transformation formula between two basic hypergeometric series. Using Heine's idea itself, we can extend Heine's identity to a bibasic transformation formula \[[@CR6]\]. This was used to provide a unified treatment to many of Ramanujan's $\documentclass[12pt]{minimal}
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                \begin{document}$$_2\phi _1$$\end{document}$ transformations presented in \[[@CR4], Ch. 1\]. The objective of this paper is to apply Heine's idea in the context of multiple basic hypergeometric series over the root systems of type A.

It is useful to recall Heine's method. We need the notation of *q*-rising factorials from Gasper and Rahman \[[@CR10]\]. The *q*-rising factorial is defined as $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left( {A}; q \right) _{k}} := (1-A)(1-Aq)\cdots (1-Aq^{k-1}). \end{aligned}$$\end{document}$$The parameter *q* is called the 'base.' The infinite *q*-rising factorial is defined, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left( {A}; q \right) _{\infty }} := \prod _{r=0}^{\infty } (1-Aq^r). \end{aligned}$$\end{document}$$Observe that, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left( {A}; q \right) _{k}} = \frac{{\left( {A}; q \right) _{\infty }}}{{\left( {Aq^k}; q \right) _{\infty }}}, \end{aligned}$$\end{document}$$an identity that is used to define *q*-rising factorials when *k* is an arbitrary complex number. The most fundamental of the *q*-summation theorems is the *q*-binomial theorem \[[@CR10], Eq. (1.3.2)\]: For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|z|<1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|q|<1$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{{\left( {az}; q \right) _{\infty }}}{{\left( {z}; q \right) _{\infty }}} = \sum _{k=0}^{\infty } \frac{{\left( {a}; q \right) _{k}}}{{\left( {q}; q \right) _{k}}} z^k. \end{aligned}$$\end{document}$$Heine's transformation formula \[[@CR10], Eq. (1.4.1)\] is as follows. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{k=0}^{\infty } \frac{{\left( {a}; q \right) _{k}} {\left( {b}; q \right) _{k}} }{{\left( {c}; q \right) _{k}}{\left( {q}; q \right) _{k}}} z^k = \frac{{\left( {b}; q \right) _{\infty }} {\left( {az}; q \right) _{\infty }}}{{\left( {c}; q \right) _{\infty }}{\left( {z}; q \right) _{\infty }}} \sum _{j=0}^{\infty } \frac{{\left( {c/b}; q \right) _{j}} {\left( {z}; q \right) _{j}} }{{\left( {az}; q \right) _{j}}{\left( {q}; q \right) _{j}}} b^j. \end{aligned}$$\end{document}$$Heine's \[[@CR14]\] proof of his transformation formula uses the *q*-Binomial theorem, and is as follows.$$\documentclass[12pt]{minimal}
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                \begin{document}$$q^t$$\end{document}$, where *h* and *t* are complex numbers. This leads to a transformation formula that follows from a very general identity of Andrews \[[@CR2]\], but was stated explicitly only in \[[@CR6], Eq. (2.4)\].$$\documentclass[12pt]{minimal}
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                \begin{document}$$|z|<1$$\end{document}$ for absolute convergence of the two series. For details of how to test for convergence, refer to \[[@CR6]\]. This reduces to Heine's transformation when $\documentclass[12pt]{minimal}
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                \begin{document}$$h=1=t$$\end{document}$, and (*w*, *b*) is replaced by (*b*, *c* / *b*).

The second variation of Heine's idea comes from using multiple series extensions of the *q*-binomial theorem, due to Milne \[[@CR23]\], Milne and Lilly \[[@CR24]\], Gustafson and Krattenthaler \[[@CR12]\], Kajihara \[[@CR16]\], and one implicit in the work of the author with Schlosser \[[@CR9]\]. The series are all of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum \limits _{\begin{array}{c} {k_r\ge 0 } \\ {r =1,2,\dots , n} \end{array}} S({\mathbf k}), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$k_1, k_2, \dots , k_n$$\end{document}$ are non-negative integers. The positive integer *n* is called the *dimension* of the sum. When $\documentclass[12pt]{minimal}
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                \begin{document}$$n=1$$\end{document}$, we refer to the corresponding identity as *classical*. We use the notation $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf k}$$\end{document}$. These type of series are recognized by the presence of the so-called "Vandermonde factor" of type *A*, namely,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \prod \limits _{1\le r < s \le n} \! \frac{1-q^{k_r-k_s} {x_{r}}/{x_{s}} }{1-{x_{r}}/{x_{s}}} . \end{aligned}$$\end{document}$$Sometimes this factor is hidden in the series. For example, here is an identity we discovered during the course of our study. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left( {-aq};q\right) _{\infty }} \sum _{j=0}^{\infty } \frac{b^j q^{{j+1\atopwithdelims ()2}} }{{\left( {q};q\right) _{j}} {\left( {-aq};q\right) _{tj}}} = {\left( {-bq};q\right) _{\infty }} \sum _{k=0}^{\infty } \frac{ a^k q^{{k+1\atopwithdelims ()2}} }{{\left( {q};q\right) _{k}} {\left( {-bq};q\right) _{tk}}}. \end{aligned}$$\end{document}$$As we will see, Heine's method, though more than 150 years old, is still surprisingly useful. In Sect. [2](#Sec2){ref-type="sec"}, we provide a few examples of multivariable transformation formulas generalizing ([1.4](#Equ4){ref-type=""}). A feature of these formulas is that they transform an *n*-dimensional sum into an *m*-dimensional sum. This is followed by some examples of multiple series extensions of Ramanujan's transformations in Sect. [3](#Sec3){ref-type="sec"}. In the rest of the paper, we explore some other variations of Heine's method, leading eventually to a master theorem describing such results in Sect. [5](#Sec5){ref-type="sec"}.

Heine's method: the bibasic Heine transformation formula {#Sec2}
========================================================

In this section, we will give four multiple series extensions of ([1.4](#Equ4){ref-type=""}), using different $\documentclass[12pt]{minimal}
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                \begin{document}$$A_n$$\end{document}$ extensions of the *q*-binomial theorem. Our intention is to illustrate the approach, not to provide a comprehensive list. There are six multiple *q*-binomial theorems of this kind that can be combined together to give 21 such results.

We begin by using a theorem of Milne and Lilly \[[@CR24], Th. 4.7\]:$$\documentclass[12pt]{minimal}
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Theorem 2.1 {#FPar1}
-----------
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Remark 2.2 {#FPar3}
----------

The absolute convergence of the series involved is shown using the multiple power series ratio test, and standard methods given in, for example, Milne \[[@CR23]\]. See also \[[@CR6]\] where convergence requirements of terms such as $\documentclass[12pt]{minimal}
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Theorem 2.3 {#FPar4}
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Proof {#FPar5}
-----

The proof is analogous to the proof of Theorem [2.1](#FPar1){ref-type="sec"}. The only difference is that we use ([2.3](#Equ9){ref-type=""}) on the left-hand side to expand it as a double sum. The series on the right-hand side converges when $\documentclass[12pt]{minimal}
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Theorem 2.4 {#FPar6}
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-----
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Theorem 2.5 {#FPar8}
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(A bibasic Heine transformation formula; $\documentclass[12pt]{minimal}
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-----
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In this section, we find multiple series extensions of many of Ramanujan's $\documentclass[12pt]{minimal}
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In the special cases we consider, many of the products appearing in the sum simplify. Our first set of examples is obtained as special cases of Theorem [2.3](#FPar4){ref-type="sec"}.

Corollary 3.1 {#FPar10}
-------------
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Proof {#FPar11}
-----
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We can have many $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_m\rightarrow A_n$$\end{document}$ generalizations of ([3.1](#Equ14){ref-type=""}) on the lines of ([3.2](#Equ15){ref-type=""}). Special cases of these results lead to multiple series generalizations of many of Ramanujan's transformation formulas from \[[@CR4], Ch. 1\]. We give a small sample of possibilities below, to illustrate the kinds of formulas that can be obtained. We have kept a convention of keeping the index *j* for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_m$$\end{document}$ series, and index *k* for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_n$$\end{document}$ series, to make it easy for the reader to see how the identities are obtained from the corresponding bibasic Heine transformations.

Next we consider the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{upgreek}
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                \begin{document}$$a\rightarrow 0$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$$c=0$$\end{document}$ in ([3.2](#Equ15){ref-type=""}). In the resulting identity, set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$$b\mapsto -a/q$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\mapsto b$$\end{document}$, and then take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h=t=1$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a=b=1$$\end{document}$. In this manner, we obtain the following identity, which is a generalization of Ramanujan's \[[@CR4], Entry 1.4.10\]. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$|q|<1$$\end{document}$:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\underset{r=1, \dots , n}{\sum \limits _{k_r\ge 0}} \Bigg (\prod \limits _{1\le r< s \le n} \! \frac{1- q^{n(k_r-k_s) +r-s}}{1-q^{r-s}} \prod \limits _{r =1}^{n} \frac{1 }{{\left( {q^r}; q \right) _{nk_r}}} \prod \limits _{r =1}^{m} \frac{1}{{\left( {q^{mr}};q^m\right) _{n{\left| \mathbf {k} \right| }}}} \nonumber \\&\qquad \times q^{n{\left| \mathbf {k} \right| }} q^{(n-1) \sum \limits _{r=1}^n (r-1)k_r} q^{ne_2(\mathbf k) } \Bigg ) \nonumber \\&\quad = \frac{1}{{\left( {q};q\right) _{\infty }}} \prod \limits _{r =1}^{m} \frac{1}{{\left( {q^{mr} };q^m\right) _{\infty }}} \nonumber \\&\qquad \times \underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg ( \prod \limits _{1\le r < s \le m} \! \frac{1- q^{m(j_r-j_s) +r-s}}{1-q^{r-s}} \cdot \frac{{\left( {q}; q \right) _{mn{\left| \mathbf {j} \right| }}} }{\prod \limits _{r =1}^{m} {\left( {q^m};q^m\right) _{j_r}} } \nonumber \\&\qquad \times (-1)^{{\left| \mathbf {j} \right| }} q^{m\sum \limits _{r=1}^m (r-1)j_r} q^{m\sum \limits _{r=1}^m {j_r+1\atopwithdelims ()2}} \Bigg ). \end{aligned}$$\end{document}$$When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=1$$\end{document}$, this reduces to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\underset{r=1, \dots , n}{\sum \limits _{k_r\ge 0}} \Bigg (\prod \limits _{1\le r < s \le n} \! \frac{1- q^{n(k_r-k_s) +r-s}}{1-q^{r-s}} \prod \limits _{r =1}^{n} \frac{1 }{{\left( {q^r}; q \right) _{nk_r}}} \cdot \frac{1}{{\left( {q};q\right) _{n{\left| \mathbf {k} \right| }}}} \nonumber \\&\qquad \times q^{n{\left| \mathbf {k} \right| }} q^{(n-1) \sum \limits _{r=1}^n (r-1)k_r} q^{ne_2(\mathbf k) } \Bigg ) \nonumber \\&\quad =\frac{1}{(q;q)^2_{\infty }} \sum _{j=0}^{\infty } \frac{{\left( {q}; q \right) _{nj}} }{{\left( {q}; q \right) _{j}} } (-1)^{j} q^{\frac{j(j+1)}{2}} . \end{aligned}$$\end{document}$$Compare these formulas with Ramanujan's own formula \[[@CR4], Entry 1.4.10\], obtained when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=m=1$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{k\ge 0} \frac{q^k}{(q;q)^2_k} =\frac{1}{(q;q)^2_{\infty }} \sum _{j=0}^{\infty } (-1)^{j} q^{\frac{j(j+1)}{2}} . \end{aligned}$$\end{document}$$We can obtain extensions of Entry 1.4.10 from other bibasic Heine transformations. For the sake of comparison, we present one obtained from Theorem [2.5](#FPar8){ref-type="sec"}. We take $\documentclass[12pt]{minimal}
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                \begin{document}$$a_r\mapsto c_rq/d$$\end{document}$ (for $\documentclass[12pt]{minimal}
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                \begin{document}$$r=1, 2, \dots , n$$\end{document}$), $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$z\mapsto d^nq^h$$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$r=1,2,\dots , m$$\end{document}$), and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$w\mapsto aq^t$$\end{document}$. In this manner, we obtain an extension of ([3.1](#Equ14){ref-type=""}). In the resulting identity, we take $\documentclass[12pt]{minimal}
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                \begin{document}$$b_1=b_2=\cdots = b_m=b$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$c_1=c_2=\cdots = c_n=c$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$t\mapsto tm$$\end{document}$, and specialize $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x_r&\mapsto q^{h(r-1)} \text { (for }r=1, 2, \dots , n)\\ y_r&\mapsto q^{t(r-1)} \text { (for }r=1, 2, \dots , m). \end{aligned}$$\end{document}$$Next we take $\documentclass[12pt]{minimal}
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                \begin{document}$$d\rightarrow 0$$\end{document}$, replace *c* by *b* / *q*. Finally, we take $\documentclass[12pt]{minimal}
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                \begin{document}$$a=b=1$$\end{document}$ to obtain, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg (\prod \limits _{1\le r< s \le m} \! \frac{1- q^{m(j_r-j_s) +r-s}}{1-q^{r-s}} \prod \limits _{r =1}^{m} \frac{1 }{{\left( {q^r}; q \right) _{mj_r}}} \cdot \frac{1}{{\left( {q^{n}};q^n\right) _{m{\left| \mathbf {j} \right| }}}} \nonumber \\&\qquad \times q^{m{\left| \mathbf {j} \right| }} q^{(m-1) \sum \limits _{r=1}^n (r-1)j_r} q^{me_2(\mathbf j) } \Bigg ) \nonumber \\&\quad = \frac{1}{{\left( {q };q\right) _{\infty }} {\left( {q^n};q^n\right) _{\infty }}} \nonumber \\&\qquad \times \underset{r=1, \dots , n}{\sum \limits _{k_r\ge 0}} \Bigg ( \prod \limits _{1\le r < s \le n} \! \frac{1- q^{n(k_r-k_s) +r-s}}{1-q^{r-s}} \cdot \frac{{\left( {q}; q \right) _{mn{\left| \mathbf {k} \right| }}} }{\prod \limits _{r =1}^{n} {\left( {q^r}; q \right) _{nk_r}} } \nonumber \\&\qquad \times (-1)^{n{\left| \mathbf {k} \right| }} q^{2n\sum \limits _{r=1}^n (r-1)k_r -n(n-1){\left| \mathbf {k} \right| }} q^{\sum \limits _{r=1}^n {nk_r+1\atopwithdelims ()2}} \Bigg ). \end{aligned}$$\end{document}$$When $\documentclass[12pt]{minimal}
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                \begin{document}$$n=1$$\end{document}$, this reduces to ([3.4](#Equ17){ref-type=""}). But if $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{j=0}^{\infty }&\frac{ q^j}{{\left( {q}; q \right) _{j}} {\left( {q^n};q^n\right) _{j}}} = \frac{1}{(q;q)_{\infty }(q^n;q^n)_{\infty }} \underset{r=1, \dots , n}{\sum \limits _{k_r\ge 0}} \Bigg ( \prod \limits _{1\le r < s \le n} \! \frac{1- q^{n(k_r-k_s) +r-s}}{1-q^{r-s}} \nonumber \\&\times \frac{{\left( {q};q\right) _{n{\left| \mathbf {k} \right| }}} }{\prod \limits _{r =1}^{n} {\left( {q^r}; q \right) _{nk_r}}} (-1)^{n{\left| \mathbf {k} \right| }} q^{2n\sum \limits _{r=1}^n (r-1)k_r -n(n-1){\left| \mathbf {k} \right| }} q^{\sum \limits _{r=1}^n {nk_r+1\atopwithdelims ()2}} \Bigg ). \end{aligned}$$\end{document}$$Next we consider another fruitful limiting case of ([3.1](#Equ14){ref-type=""}), where we take $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&{\left( {-aq^{h}};q^{h}\right) _{\infty }} \underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg ( \prod \limits _{1\le r < s \le m} \! \frac{1- q^{t(m(j_r-j_s) +r-s)}}{1-q^{t(r-s)}} \prod \limits _{r =1}^{m} \frac{1}{{\left( {q^{tm}};q^{tm}\right) _{j_r}} } \nonumber \\&\qquad \times \frac{b^{{\left| \mathbf {j} \right| }} }{{\left( {-aq^{h}};q^{h}\right) _{tm{\left| \mathbf {j} \right| }}}} q^{tm\sum \limits _{r=1}^m (r-1)j_r} q^{tm\sum \limits _{r=1}^m {j_r+1\atopwithdelims ()2}} \Bigg ) \nonumber \\&\quad = \prod \limits _{r =1}^{m} {\left( {-bq^{tmr}};q^{tm}\right) _{\infty }} \sum _{k=0}^{\infty } \frac{a^kq^{h{k+1\atopwithdelims ()2}}}{{\left( {q^{h}};q^{h}\right) _{k}} \prod \limits _{r =1}^{m} {\left( {-bq^{tmr}};q^{tm}\right) _{hk}}} . \end{aligned}$$\end{document}$$Compare this identity with the identity \[[@CR6], Eq. (3.17)\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&{\left( {-aq^h};q^h\right) _{\infty }} \sum _{j=0}^{\infty } \frac{b^j q^{t{j+1\atopwithdelims ()2}} }{{\left( {q^t};q^t\right) _{j}} {\left( {-aq^h};q^h\right) _{tj}}}\nonumber \\&\quad = {\left( {-bq^t};q^t\right) _{\infty }} \sum _{k=0}^{\infty } \frac{ a^k q^{h{k+1\atopwithdelims ()2}} }{{\left( {q^h};q^h\right) _{k}} {\left( {-bq^t};q^t\right) _{hk}}} . \end{aligned}$$\end{document}$$We can take $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&{\left( {-aq};q\right) _{\infty }} \underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg ( \prod \limits _{1\le r < s \le m} \! \frac{1- q^{m(j_r-j_s) +r-s}}{1-q^{r-s}} \prod \limits _{r =1}^{m} \frac{1}{{\left( {q^{m}};q^{m}\right) _{j_r}} } \nonumber \\&\qquad \times \frac{b^{{\left| \mathbf {j} \right| }} }{{\left( {-aq};q\right) _{tm{\left| \mathbf {j} \right| }}}} q^{m\sum \limits _{r=1}^m (r-1)j_r} q^{m\sum \limits _{r=1}^m {j_r+1\atopwithdelims ()2}} \Bigg ) \nonumber \\&\quad = \prod \limits _{r =1}^{m} {\left( {-bq^{mr}};q^{m}\right) _{\infty }} \sum _{k=0}^{\infty } \frac{a^kq^{{k+1\atopwithdelims ()2}}}{{\left( {q};q\right) _{k}} \prod \limits _{r =1}^{m} {\left( {-bq^{mr}};q^{m}\right) _{tk}}} . \end{aligned}$$\end{document}$$Next we obtain analogous results from the $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&{\left( {(-aq^h)^n};q^{hn}\right) _{\infty }} \underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg ( \prod \limits _{1\le r< s \le m} \! \frac{1- q^{t(m(j_r-j_s) +r-s)}}{1-q^{t(r-s)}} \nonumber \\&\qquad \times \prod \limits _{r =1}^{m} \frac{1}{{\left( {q^{tr}};q^t\right) _{mj_r}} } \cdot \frac{b^{m{\left| \mathbf {j} \right| }} }{{\left( {(-aq^h)^n};q^{hn}\right) _{tm{\left| \mathbf {j} \right| }}}} \nonumber \\&\qquad \times q^{2tm\sum \limits _{r=1}^m (r-1)j_r -tm(m-1){\left| \mathbf {j} \right| }} q^{t\sum \limits _{r=1}^m {mj_r+1\atopwithdelims ()2}} \Bigg ) \nonumber \\&\quad = {\left( {(-bq^t)^m};q^{tm}\right) _{\infty }} \underset{r=1, \dots , n}{\sum \limits _{k_r\ge 0}} \Bigg ( \prod \limits _{1\le r < s \le n} \! \frac{1- q^{h(n(k_r-k_s) +r-s)}}{1-q^{h(r-s)}} \nonumber \\&\qquad \times \prod \limits _{r =1}^{n} \frac{1}{{\left( {q^{hr}};q^{h}\right) _{nk_r}} }\cdot \frac{a^{n{\left| \mathbf {k} \right| }} }{{\left( {(-bq^t)^m};q^{tm}\right) _{hn{\left| \mathbf {k} \right| }}}} \nonumber \\&\qquad \times q^{2hn\sum \limits _{r=1}^n (r-1)k_r -hn(n-1){\left| \mathbf {k} \right| }} q^{h\sum \limits _{r=1}^n {nk_r+1\atopwithdelims ()2}} \Bigg ). \end{aligned}$$\end{document}$$Again, we require the usual convergence conditions. Note that the summands on either side have powers of *q* that are quadratic in the indices of summation. This ensures that we need no further conditions on *a* and *b* for the series to converge.
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                \begin{document}$$\begin{aligned}&\underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg ( \prod \limits _{1\le r< s \le m} \! \frac{1- q^{m(j_r-j_s) +r-s}}{1-q^{r-s}} \prod \limits _{r =1}^{m} \frac{1}{{\left( {q^{r}};q\right) _{mj_r}} } \cdot \frac{1}{{\left( {q^{m}};q^{m}\right) _{m{\left| \mathbf {j} \right| }}}} \nonumber \\&\qquad \times q^{2m\sum \limits _{r=1}^m (r-1)j_r - m(m-1){\left| \mathbf {j} \right| }} q^{\sum \limits _{r=1}^m {mj_r+1\atopwithdelims ()2}} \Bigg ) \nonumber \\&\quad = \frac{{\left( {(-q)^{m}};q^{m}\right) _{\infty }}}{{\left( {q^{m}};q^{m}\right) _{\infty }} } \nonumber \\&\qquad \times \underset{r=1, \dots , m}{\sum \limits _{k_r\ge 0}} \Bigg (\prod \limits _{1\le r < s \le m} \! \frac{1- q^{m(k_r-k_s) +r-s}}{1-q^{r-s}} \prod \limits _{r =1}^{m} \frac{1}{{\left( {q^{r}};q\right) _{mk_r}} }\cdot \frac{(-1)^{m{\left| \mathbf {k} \right| }} }{{\left( {(-q)^{m}};q^{m}\right) _{m{\left| \mathbf {k} \right| }}}} \nonumber \\&\qquad \times q^{2m\sum \limits _{r=1}^m (r-1)k_r -m(m-1){\left| \mathbf {k} \right| }} q^{\sum \limits _{r=1}^m {mk_r+1\atopwithdelims ()2}} \Bigg ). \end{aligned}$$\end{document}$$Compare this with Ramanujan's \[[@CR4], Entry 1.4.9\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{j=0}^\infty \frac{q^{j+1\atopwithdelims ()2}}{\left( q;q\right) ^2_j} =\frac{{\left( {-q}; q \right) _{\infty }}}{\left( q;q\right) _{\infty }} \sum _{k=0}^{\infty } \frac{(-1)^{k} q^{k+1\atopwithdelims ()2}}{{\left( {q};q\right) _{k}}{\left( {-q};q\right) _{k}}}, \end{aligned}$$\end{document}$$where we have used $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg ( \prod \limits _{1\le r < s \le m} \! \frac{1- q^{m(j_r-j_s) +r-s}}{1-q^{r-s}} \prod \limits _{r =1}^{m} \frac{1}{{\left( {q^{r}};q\right) _{mj_r}} } \cdot \frac{1}{{\left( {q};q\right) _{m{\left| \mathbf {j} \right| }}}} \nonumber \\&\qquad \times q^{2m\sum \limits _{r=1}^m (r-1)j_r - m(m-1){\left| \mathbf {j} \right| }} q^{\sum \limits _{r=1}^m {mj_r+1\atopwithdelims ()2}} \Bigg ) \nonumber \\&\quad = \frac{{\left( {(-q)^{m}};q^{m}\right) _{\infty }}}{{\left( {q};q\right) _{\infty }} } \sum _{k=0}^{\infty } \frac{(-1)^{k} q^{k+1\atopwithdelims ()2}}{{\left( {q};q\right) _{k}}{\left( {(-q)^m};q^m\right) _{k}}}. \end{aligned}$$\end{document}$$The above should serve to demonstrate the kind of multiple series extensions of Ramanujan $\documentclass[12pt]{minimal}
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                \begin{document}$$_2\phi _1$$\end{document}$ transformations possible. Rewriting the bibasic Heine transformations in a format extending identity ([3.1](#Equ14){ref-type=""}) is the key idea to obtain such special cases. From then on, the calculations shown in \[[@CR6]\] can be used to find such transformations. As we have seen, some special cases simplify the products appearing in the identities. Clearly, many, many generalizations of Ramanujan's identities can be obtained in this manner.

A variation: using the *q*-Euler transformation formula {#Sec4}
=======================================================

In Heine's method, instead of the *q*-Binomial Theorem, we can use the second iterate of Heine's transformation (a *q*-analogue of Euler's transformation of hypergeometric functions) \[[@CR10], Eq. (1.4.3)\]. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$c=b$$\end{document}$, this reduces to the *q*-binomial theorem. Using the *q*-analogue of Euler's transformation formula, we obtain the following transformation formula of double sums.

Theorem 4.1 {#FPar12}
-----------

Aside from the usual convergence conditions (see Remark [2.2](#FPar3){ref-type="sec"}), let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\sum _{k\ge 0} \frac{{\left( {a,b};q^h\right) _{k}} }{{\left( {q^h, c};q^h\right) _{k}}} \frac{ {\left( {w};q^t\right) _{hk}} }{{\left( {dew/f};q^t\right) _{hk}}} z^k \sum _{\widetilde{k}\ge 0} \frac{{\left( {f/d, f/e};q^t\right) _{\widetilde{k}}} }{{\left( {q^t,f};q^t\right) _{\widetilde{k}}} } \left( dew q^{htk}/f \right) ^{\widetilde{k}} \nonumber \\&\quad =\frac{{\left( {w};q^t\right) _{\infty }}}{{\left( {dew/f};q^t\right) _{\infty }}} \frac{{\left( {abz/c};q^h\right) _{\infty }} }{{\left( {z};q^h\right) _{\infty }}} \nonumber \\&\qquad \times \sum _{j\ge 0} \frac{{\left( {d, e};q^t\right) _{j}} }{{\left( {q^t, f};q^t\right) _{j}}} \frac{ {\left( {z};q^h\right) _{tj}} }{{\left( {abz/c};q^h\right) _{tj}}} w^j \sum _{\widetilde{j}\ge 0} \frac{{\left( {c/a, c/b};q^h\right) _{\widetilde{j}}} }{{\left( {q^h, c};q^h\right) _{\widetilde{j}}}} \left( abzq^{htj}/c \right) ^{\widetilde{j}}.\nonumber \\ \end{aligned}$$\end{document}$$

Proof {#FPar13}
-----

The proof is a straightforward extension of the proof of ([1.3](#Equ3){ref-type=""}). We use ([4.1](#Equ28){ref-type=""}) with two sets of variables (*a*, *b*, *c*, *z*) with base $\documentclass[12pt]{minimal}
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                \begin{document}$$f=e$$\end{document}$, then ([4.2](#Equ29){ref-type=""}) reduces to ([1.4](#Equ4){ref-type=""}).
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                \begin{document}$$A_n$$\end{document}$ extensions of ([4.1](#Equ28){ref-type=""}). They follow from multiple series extensions of Bailey's $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$_{10}\phi _9$$\end{document}$ transformation formulas. See \[[@CR8], Th. 5.15\], for an example of this calculation. Many of them can be used to generalize ([4.2](#Equ29){ref-type=""}). As an example, we use a result of Kajihara \[[@CR15], Th. 1.1\]. We chose this particular transformation formula, because it was one of the first results which transformed an $\documentclass[12pt]{minimal}
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                \begin{document}$$A_m$$\end{document}$ series---and therefore, its existence was an important motivation of our work. Kajihara's transformation formula can be stated as follows. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\underset{r=1, \dots , n}{\sum \limits _{k_r\ge 0}} \Bigg (\prod \limits _{1\le r< s \le n} \! \frac{1-q^{k_r-k_s} {x_{r}}/{x_{s}} }{1-{x_{r}}/{x_{s}}} \prod \limits _{r, s =1}^{n} \frac{{\left( {a_s{x_{r}}/{x_{s}}};q\right) _{k_r}} }{{\left( {q{x_{r}}/{x_{s}}};q\right) _{k_r}} }\nonumber \\&\qquad \times \prod \limits _{r =1}^{n}\prod _{s=1}^m \frac{{\left( {b_s{x_r}{y_s}};q\right) _{k_r}}}{{\left( {c{x_r}{y_s}};q\right) _{k_r}}}z^{{\left| \mathbf {k} \right| }} q^{\sum \limits _{r=1}^{n} (r-1)k_r } \Bigg ) \nonumber \\&\quad =\frac{{\left( {a_1\cdots a_n b_1\cdots b_m z/c^m};q\right) _{\infty }}}{{\left( {z};q\right) _{\infty }}}\nonumber \\&\qquad \times \underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg (\prod \limits _{1\le r < s \le m} \! \frac{1-q^{j_r-j_s} {y_{r}}/{y_{s}} }{1-{y_{r}}/{y_{s}}} \prod \limits _{r, s =1}^{m}\frac{{\left( {{cy_r}/{b_sy_s}};q\right) _{j_r}} }{{\left( {q{y_{r}}/{y_{s}}};q\right) _{j_r}} }\nonumber \\&\qquad \times \prod \limits _{r =1}^{m}\prod _{s=1}^n \frac{{\left( {cx_sy_r/a_s};q\right) _{j_r}}}{{\left( {c{x_s}{y_r}};q\right) _{j_r}}}\nonumber \\&\qquad \times \left( {a_1\cdots a_n b_1\cdots b_m z}/{c^m}\right) ^{{\left| \mathbf {j} \right| }} q^{\sum \limits _{r=1}^{m} (r-1)j_r } \Bigg ). \end{aligned}$$\end{document}$$Using Heine's method on this transformation formula, we obtain the following transformation formula of double multiple sums.

Theorem 4.2 {#FPar14}
-----------
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Proof {#FPar15}
-----

The proof is similar to the proof to that of Theorem [2.1](#FPar1){ref-type="sec"}. We indicate the steps symbolically. First represent ([4.3](#Equ30){ref-type=""}) symbolically as$$\documentclass[12pt]{minimal}
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We now see that the left-hand side can be written as$$\documentclass[12pt]{minimal}
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Iterating Heine's method: Andrews' *q*-Lauricella transformation {#Sec5}
================================================================

We now present another variation, where Heine's method is iterated, to obtain a transformation formula that transforms a multiple sum to a single sum. This was first done by Andrews \[[@CR3], Eq. (4.1)\] when he obtained his transformation formula for the *q*-Lauricella function. Andrews' formula was generalized to a multibasic formula by Agarwal, Jain, and Choi \[[@CR1]\], and independently, the author \[[@CR6]\], which is what we extend to $\documentclass[12pt]{minimal}
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                \begin{document}$$A_n$$\end{document}$ series in this section. More precisely, we will indicate how such generalizations can be achieved, and show a couple of samples. A result of this type transforms multiple multiple sums, into a single multiple sum.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=1$$\end{document}$. When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_r\mapsto b_r$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b\mapsto c/a$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w\mapsto a$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_1=h_2=\cdots h_p=1=t$$\end{document}$, then ([5.1](#Equ32){ref-type=""}) reduces to a transformation of Andrews for *q*-Lauricella functions \[[@CR3], Eq. (4.1)\].

Note that the left-hand side of ([5.1](#Equ32){ref-type=""}) is a *p*-fold sum and the right-hand side is a single sum. The identity has $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p+1$$\end{document}$ bases, namely, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q^t$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q^{h_1}, \dots , q^{h_p}$$\end{document}$. Note further that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=1$$\end{document}$, then it reduces to ([1.4](#Equ4){ref-type=""}).
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To make our remarks more precise, we isolate the property required for Heine's method to work. Define a *Property H* as follows. A *q*-binomial theorem of the form $\documentclass[12pt]{minimal}
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Theorem 5.1 {#FPar16}
-----------
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Proof {#FPar17}
-----

The proof is a straightforward iteration of Heine's method, and is left to the reader. $\documentclass[12pt]{minimal}
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**Remark**Recall the results of Sect. [4](#Sec4){ref-type="sec"}. We see that the summands on both sides of ([4.3](#Equ30){ref-type=""}) satisfy Property *H*. So we can intermix *q*-binomial theorems with transformation formulas too.

Theorem [5.1](#FPar16){ref-type="sec"} is stated in very general terms and is a master theorem for results in this paper. The results of Sect. [2](#Sec2){ref-type="sec"} are contained in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\underset{r=1, \dots , n_1}{\sum \limits _{k_{1r}\ge 0}} \underset{r=1, \dots , n_2}{\sum \limits _{k_{2r}\ge 0}} \Bigg ( \prod \limits _{1\le r< s \le n_1} \! \frac{1-q^{h_1(k_{1r}-k_{1s})}x_{1r}/x_{1s} }{1-x_{1r}/x_{1s} }\nonumber \\&\qquad \times \prod \limits _{1\le r< s \le n_2} \! \frac{1-q^{h_2(k_{2r}-k_{2s})}x_{2r}/x_{2s} }{1-x_{2r}/x_{2s} }\\&\qquad \times \prod \limits _{r, s =1}^{n_1} \frac{{\left( {a_{1s} x_{1r}/x_{1s}};q^{h_1}\right) _{k_{1r}}}}{{\left( {q^{h_1}x_{1r}/x_{1s}};q^{h_1}\right) _{k_{1r}}}} \prod \limits _{r =1}^{n_2} \frac{{\left( {a_{2} };q^{h_2}\right) _{k_{2r}}}}{{\left( {q^{h_2}};q^{h_2}\right) _{k_{2r}}} } \\&\qquad \times \frac{{\left( {w};q^t\right) _{h_1|{\mathbf k}_1|+h_2|{\mathbf k}_2|}}}{{\left( {b_1\cdots b_mw};q^t\right) _{h_1|{\mathbf k}_1|+h_2|{\mathbf k}_2|}}} z_1^{|{\mathbf k}_1|}z_2^{|{\mathbf k}_2|} \nonumber \\&\qquad \times q^{h_1\sum \limits _{r=1}^{n_1} (r-1)k_{1r} +h_2\sum \limits _{r=1}^{n_2} (r-1)k_{2r} } q^{h_1e_2(\mathbf k_1) } \prod \limits _{r =1}^{n} x_{1r}^{-k_{1r}} \Bigg ) \nonumber \\&\quad = \prod \limits _{r =1}^{n_1} \frac{{\left( {a_{1r}z_1/x_{1r}};q^{h_1}\right) _{\infty }}}{{\left( {z_1/x_{1r}};q^{h_1}\right) _{\infty }}} \prod \limits _{r =1}^{n_2} \frac{{\left( {a_2z_2q^{h_2(r-1)}};q^{h_2}\right) _{\infty }}}{{\left( {z_2q^{h_2(r-1)}};q^{h_2}\right) _{\infty }}} \cdot \frac{{\left( {w};q^t\right) _{\infty }}}{{\left( {b_1\cdots b_m w };q^t\right) _{\infty }}} \nonumber \\&\qquad \times \underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg ( \prod \limits _{1\le r < s \le m} \! \frac{1-q^{t(j_r-j_s)}{y_{r}}/{y_{s}} }{1-{y_{r}}/{y_{s}}} \prod \limits _{r, s =1}^{m} \frac{{\left( {b_sy_r/y_s };q^t\right) _{j_r}}}{{\left( {q^t{y_{r}}/{y_{s}}};q^t\right) _{j_r}} } \\&\qquad \times \prod \limits _{r =1}^{m} \frac{{\left( {cy_r/b_1\cdots b_m};q^t\right) _{j_r}} {\left( {cy_r};q^t\right) _{{\left| \mathbf {j} \right| }}} }{{\left( {cy_r};q^t\right) _{j_r}} {\left( {cy_r/b_r};q^t\right) _{{\left| \mathbf {j} \right| }}}} \cdot w^{{\left| \mathbf {j} \right| }} q^{t\sum \limits _{r=1}^{m} (r-1)j_r } \nonumber \\&\qquad \times \prod \limits _{r =1}^{n_1} \frac{{\left( {z_1/x_{1r}};q^{h_1}\right) _{t{\left| \mathbf {j} \right| }}}}{{\left( {a_{1r}z_1/x_{1r}};q^{h_1}\right) _{t{\left| \mathbf {j} \right| }}}} \cdot \prod \limits _{r =1}^{n_2} \frac{{\left( {z_2q^{h_2(r-1)}};q^{h_2}\right) _{t{\left| \mathbf {j} \right| }}}}{{\left( {a_2z_2q^{h_2(r-1)}};q^{h_2}\right) _{t{\left| \mathbf {j} \right| }}}} \Bigg ). \end{aligned}$$\end{document}$$Here, for convergence, we require $\documentclass[12pt]{minimal}
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In our second example of an extension of ([5.1](#Equ32){ref-type=""}), we take $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\underset{r=1, \dots , p}{\sum \limits _{l_r\ge 0}}\; \underset{r=1, \dots , n}{\sum \limits _{k_r\ge 0}} \Bigg (\prod \limits _{1\le r< s \le n} \! \frac{1- q^{h(k_r-k_s)} {x_{r}}/{x_{s}}}{1-{x_{r}}/{x_{s}}} \prod \limits _{r, s =1}^{n} \frac{{\left( {a_s{x_{r}}/{x_{s}}};q^h\right) _{k_r}} }{{\left( {q^h{x_{r}}/{x_{s}}};q^h\right) _{k_r}} } \nonumber \\&\qquad \times \prod \limits _{r =1}^{p} \frac{{\left( {c_r};q^{h}\right) _{l_r}}}{{\left( {q^{h}};q^{h}\right) _{l_r}}} \cdot \frac{{\left( {w};q^t\right) _{h({\left| \mathbf {k} \right| }+{\left| \mathbf {l} \right| })}}}{{\left( {b_1b_2\cdots b_mw};q^t\right) _{h({\left| \mathbf {k} \right| }+{\left| \mathbf {l} \right| })}}} \prod \limits _{r =1}^{p} u_r^{l_r} \cdot z^{{\left| \mathbf {k} \right| }} q^{h\sum \limits _{r=1}^{n} (r-1)k_r } \Bigg ) \nonumber \\&\quad =\frac{{\left( {w};q^t\right) _{\infty }} {\left( {a_1a_2\cdots a_n z};q^h\right) _{\infty }}}{{\left( {b_1b_2\cdots b_mw };q^t\right) _{\infty }} {\left( {z};q^h\right) _{\infty }}} \prod \limits _{r =1}^{p} \frac{{\left( {c_ru_r};q^h\right) _{\infty }}}{{\left( {u_r};q^h\right) _{\infty }}} \nonumber \\&\qquad \times \underset{r=1, \dots , m}{\sum \limits _{j_r\ge 0}} \Bigg ( \prod \limits _{1\le r < s \le m} \! \frac{1-q^{t(j_r-j_s)}{y_{r}}/{y_{s}} }{1-{y_{r}}/{y_{s}}} \prod \limits _{r, s =1}^{m} \frac{{\left( {b_s{y_{r}}/{y_{s}}};q^t\right) _{j_r}} }{{\left( {q^t{y_{r}}/{y_{s}}};q^t\right) _{j_r}}} \nonumber \\&\qquad \times \frac{{\left( {z};q^h\right) _{t{\left| \mathbf {j} \right| }}}}{{\left( {a_1a_2\cdots a_nz};q^h\right) _{t{\left| \mathbf {j} \right| }}}} \prod \limits _{r =1}^{p} \frac{{\left( {u_r};q^h\right) _{t{\left| \mathbf {j} \right| }}}}{{\left( {c_ru_r};q^h\right) _{t{\left| \mathbf {j} \right| }}}} \cdot w^{{\left| \mathbf {j} \right| }} q^{t\sum \limits _{r=1}^{m} (r-1)j_r } \Bigg ). \end{aligned}$$\end{document}$$Note that we have used product of *nq*-binomial theorems to deal with a product of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \prod \limits _{r =1}^{n} \frac{{\left( {a_rx_r};q\right) _{\infty }}}{{\left( {x_r};q\right) _{\infty }}}. \end{aligned}$$\end{document}$$So the list at the end of Sect. [2](#Sec2){ref-type="sec"} is not a complete list.

Summary and credits {#Sec6}
===================

The objective of this paper is to study Heine's method as applied to series of type *A*. It is a continuation of our work \[[@CR6]\], which arose while studying Andrews and Berndt \[[@CR4], Ch.  1\]. We conclude by summarizing our work and pointing out related ideas in the literature.

In Sect. [2](#Sec2){ref-type="sec"}, we gave some examples of multiple series generalizations of the bibasic Heine transformation. These (and other similar formulas) can be obtained using the *q*-binomial theorems in \[[@CR9], [@CR12], [@CR16], [@CR23], [@CR24]\]. Our results transform an *n*-dimensional series to a multiple of an *m*-dimensional series. Early examples of such identities were given by Gessel and Krattenthaler \[[@CR11]\], Kajihara \[[@CR15]\], and Kajihara and Noumi \[[@CR17]\].

Previously, Gustafson and Krattenthaler \[[@CR12], [@CR13]\] gave $\documentclass[12pt]{minimal}
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                \begin{document}$$A_n$$\end{document}$ Heine transformation formulas. However, Heine's method is not applicable to obtain their results. It would be interesting to see whether their work extends to generalize the bibasic Heine transformation, and examine the generalizations of Ramanujan's $\documentclass[12pt]{minimal}
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                \begin{document}$$_2\phi _1$$\end{document}$ transformations (if any), as has been done in Sect. [3](#Sec3){ref-type="sec"}.

Section [3](#Sec3){ref-type="sec"} contains extensions of some of Ramanujan's $\documentclass[12pt]{minimal}
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                \begin{document}$$_2\phi _1$$\end{document}$ transformations from Andrews and Berndt \[[@CR4], Ch. 1\]. In this regard, the usefulness of the bibasic Heine transformation was pointed out in \[[@CR6]\]. These special cases are chosen to bring the multivariable identities close to Ramanujan's own identities. They are motivated by previous work of, for example, Milne \[[@CR22]\] and Krattenthaler \[[@CR19]\] (who proved a conjecture of Warnaar). We remark that there is much more in Andrews' work \[[@CR2]\] (where Heine's method is examined in detail) which we expect to study on another occasion.

In Sect. [4](#Sec4){ref-type="sec"} we demonstrate that Heine's method can be applied to transformation formulas too, and gain some understanding of when this method applies. This leads to the master theorem of Sect. [5](#Sec5){ref-type="sec"}, which follows by iterating Heine's method. This extends the bibasic version of Andrews' transformation formula for the *q*-Lauricella function given by Agarwal, Jain, and Choi \[[@CR1]\], and independently, by the author \[[@CR6]\]. Previously, Milne \[[@CR23], §7\] gave such results, but we feel our approach and results are truer to Andrews' original formulation of his results.

We have already noted that the master theorem applies to using transformation formulas as in Sect. [4](#Sec4){ref-type="sec"}. In addition, we mention that the multivariable *q*-binomial theorem of Macdonald \[[@CR20]\] (see Kaneko \[[@CR18], Th. 3.5\]) is also amenable to Heine's method, and can be intermixed with above-mentioned *q*-binomial theorems. The Property *H* follows from the homogeneity of the Macdonald polynomials. If we apply Heine's method to Macdonald's *q*-binomial theorem, we obtain bibasic Heine transformation formulas different in character from, but perhaps not as deep as, the Heine transformation formula given by Baker and Forrester \[[@CR5]\]. However, what is interesting in our approach is that we can intermix the two kinds of series. See also Warnaar \[[@CR26], Th. 2.3\] for a multivariable, dimension changing, formula---which extends Heine's second transformation formula \[[@CR10], Eq. (1.4.5)\].

Research was supported in part by the Austrian Science Fund (FWF): Project F 50 SFB (Algorithmic and Enumerative Combinatorics). Part of this work was done while the author was a Visiting Scientist at the Indian Statistical Institute, Delhi Centre, 7 S. J. S. Sansanwal Marg, Delhi 110016.

Open access funding provided by Austrian Science Fund (FWF). We thank the anonymous referee for helpful suggestions.
